FREE ELECTRON 1

il

EXEM ntrobucTION

A number of physical properties of metals like thermal conductivity, electrical Condl-lttivﬁ)
specific heat, magnetic susceptibility etc. can be explained on the basis of free electron theory. TH
theory was first developed by Drude and Lorentz by applying classical laws of physics but it coyy
not explain the heat capacity and the para magnetic susceptibility of the conduction electrons ﬂ'los@
it explained properties like Ohm's law and metallic luster etc. -

The difficulties occurred in classical theory were removed by using statistics. Firstly, we discyg
classical thebry in brief and then the quantum theory as developed by Sommerfield.

-
XS Free ELECTRON GAS MODEL (DRUDE-LORENTZ CLASSICAL THEORY)

It was suggested by . Drude in 1900, that the metal crystals consist of positive ion cores wif}
their valence electrons (also known as conduction electrons since these are responsible for the cop
duction of electricity in metals) free to move among these positive metal ions (cores). The Coulomb;
force of attraction between these positive ions and negatively charged electrons do not allow thes
free electrons to leave the metal surface. The potential field due to these ion cores 1S supposed tok
uniform and hence potential energy of electrons may be taken as constant, which is taken to be ze
for convenience. Hence, we have to deal only with the kinetic energy of the electrons. The '

repulsion between the electron is neglected.

lectrons in the metal behave like those of atoms or B

It has been suggested that the free e
times known as free electrons gas or fe

ecules in a perfect gas. Hence, these electrons are some
or free electron cloud.
However, this fermi gas differs from ordinary gas in the following ways :
(i) Fermi gas is constituted by electrons which are charged particles while the atoms or moleg e
which constitute ordinary gas are neutral. '
(ii) The concentration of electrons in fermi gas is large 10* per m* as compared
concentration of atoms or molecules of ordinary gas (10% per m?).
In 1909, Lorentz suggested that this free electron gas like perfect gas obeys Maxwell-Bo
statistics. Hence, the classical theory is also known as Drude-Lorentz theory.
Let us first give a look at the experimental facts which must be explained satisfactorily by an

theory.
(i) Ohm's law is obeyed by all metallic conductors.

(i1) High electrical and thgr):nalrmnductivit}', !
(iif) The specific resistivity (p) of metals at room temperature is of the order of 105 ohm cm.

(fv) Above Debye temperature |
po T |
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\t low temperature (but > 20 K),

(@) ¢ .
| The resistivity varies in presence of magnetic field. The effect is known as Magneto resistance
(1 :
y o . T A
i) For most metals p = P where I is pressure.

- According to Matthiessen’s rule, for metals containing small amounts of impurity,

Pp=p+P(D
where p, is constant and increase with impurity content and p(T) is temperature dependent

\

part of resistivity.
) Above Debye temperature, the ratio of thermal (K) to electrical (o) conductivity is
\ g

pmportional to T.

% oc T (Wiedemann-Franz law)

where the constant of proportionality is nearly same for all the metals.
(1) At0 K, most of metals show the phenomenon of super conductivity.

On the basis of free electron theory following properties of solids have been explained.
i) Electrical conductivity
I i< defined as the quantity of electricity that flows in unit time per unit area of cross-section of the
onductor per unit potvntinl gradient. .
According to free electron theory, in a solid the electrons move freely. If E is the applied electric
old, then the acceleration of an electron having charge ‘e’ is given by

d’x. - ¢E
T i o ZT)
If )is the mean free path of electrons, then the relaxation time t between two successive collisions

given by

z
gty (2<2)
Integrating eq. 2.1, we get
dx -~ eE &
s Skt
dt m
0 dx 0
At = 0 =
C=0
dx ¢E
Hence g et

So average velocity between two successive collisions
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Putting the value of t from eq. 2.2, we get
e l'E;'s
T me
. .
S‘.nce % "n:p‘ - 2 k"T {T 15 abEOlUte tEmPeratu_re wki‘
S0 n = _'J::_
eEAv
So v o= 6kT

: t density i is given b
If 1 is number density of electrons in the conductor, then the curren ty gl y

[ = nev

: ne'EAv (
or I = 6‘.’HT 2.3)
If 4 charge is flowing through a conductor of cross-section area A in time £, then
1] = ﬁAEt
or E} = gAE
l or i = gAE
1
or G = -'A_E_ ...(2.4}
I
For unit area of cross-section g = E
Using eq. (2.3) )
ne-hv
0= 6k,TA

This expression shows that different conductivities of different materials are due to different
number of free electrons

(i1) Ohm's law

i
From eq. (2.4) we have oE = A
or oE =]

or ] = gE

This is microscopic form of Ohm’s law.
(iii) Thermal conductivity

We know that if there is no temperature difference between two points in a specimen i

I, =T, there is no transfer of energy. So to discuss the thermal conductivity of metals, we supg ose

that a temperature gradient exists across the specimen instead of voltage gradient, hence the trans
rmal energy takes place due to this gradient.

consider the specimen in the form of a metallic rod havi

is at higher temperature than B, then the conduction

ollision, the electrons near A loose their kinetic ene

ng two ends namely A and B and
of heat from A to B takes place by
gy whiletheelectmnsnearB in

A = mean free path
v = velocity of electrons
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n = number density of f lectrons =g
etic theory of gases Ve
o kin
fre E = %k,T
dE _ 31: dT
da - Iy
1 dT
e Q= ’I"”M’TJT
st
o dT dT
KHf_ = -Iﬂlilk"a'i- [Q:K?'_]
1
K= ‘2"0“' i (17)

- value of K is verified experimentally and the free electrons theory is found to be successful
i thermal conductivity.
I'(.::;(.demann-Franz relation
i demann and Franz in 1853 discovered that all good electrical conductors are also good
| conductors and the ratio of thermal conductivity to the electrical conductivity at any

 erature (but not too low temperature) is constant for all metals.

E = constant
O
Using egs. (27) and (2.3), we get
K %ﬂUMB.GkBT
o S ne’Av |
2
- 3(-"-‘!-) T
¢

B
g

[his 1s Wiedemann-Franz relation.
) Lustre and Opacity of metals
When electromagnetic radiations fall on a metal, it produces forced oscillations in the free
ectrons having the same velocity as that of electromagnetic radiations. Thus, the energy of incident
diabons 1s absorbed by free electrons and the metal appears opaque. The excited em o
uming to its initial state emits photon having the same energy as is absorbed initially. This energy
Bhen outin the form of visible light in all directions, but only the light rays directed towards the
‘@ surface can get through. Hence, the metal appears to reflect virtually all the light that is
“ent on it, giving it the characteristic metallic lustre.
Y Success of free eletron theory
The free electron theory explained
! Electrical conductivity
) Ohm's law
Irr” ”JFE‘TmaI conductivity
l':-j “lmemﬂﬂn-Franz law
h?lclimplete opacity of metals and their high lustre.
“_' ure of the theory
["; :: ?;E‘S not explain the heat capacity of mnerhln.

5 10 explain the paramagnetic susceptibility of the conduction electrons.

(i) 15
s unable to explain that why metals prefer certain structures.

|
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(i) It does not explain the occurrence of long mean free paths (of the order of fﬂﬂtmmh.ﬂ.l
low temperature. _ -al resistivity

(v) This theory does not explain the temperature variahion of electrical resistivity bu‘auﬁtu.h

“which actually is linear

theory predicts the varation of resistivity as JT
(1) It does not explain why some crystals are metallic.

EEN SOMMERFIELD'S QUANTUM THEORY |

s wplain many experi
We have seen that the classical theory of free electron ga= muid1 n:: l: Iwaﬁ - :\-::F:::?m
facts. In the development of classical theory Maxw t-lI-l:lnlum.mn‘b & &‘m':ll “.‘;,‘ considered simh
this, electrons were considered as distinguishable particles and hence o)
a box of field electrons.
Sommerfield in 1928, suggested that electron gas

B es can have all the qua
the light of Pauli’s exclusion principle which states that no Imr.m-‘-»lfjl-ﬁnll;rm.mn 5t.1h:.tr1'c:l“
numbers identical. He used Fermi-Dirac stahistics rather than Maxwe _ any

; ” . possible energy sta
succeeded in explaining many experimental facts We first consider the pe RY states,
one dimension and then extend the idea to three dimensic

=

P -
X FREE ELECTRON GAS IN ONE DIMENSIONAL BOX |

gy wetangular box of le
cnm-lder an E]L‘CITDI"I l‘lf mass m (l||'|,1‘||‘|1.'l..i 1o move 1 one ime n‘-rll'lnﬂl rLLItliln:.i thl. hn“ m
> X- = le r walls « * be
L. i.c., The electron moves along a straight line say along X-axi let the wa

] FLW™ = dl'lLl l:I_.
elastic and non-potentiable. Let the electron can trat cl along X-axis between X =@

-hﬂ'l.l;d hl' tl'L‘{Ifl.’Li ._lta.mtlm'l n\f‘fhﬂni(‘.][!},‘

inal case.

R — . il =
The potential V is defined as f = =
” tn['“*' 1 < I
AL s forveland x>1 Vel
The Schrodinger’s wave equation tor the wave lunction ! v
- & o . V= x r— | V==
of the electron moving along a straight line may be written
as -—
W 2m
n"l.,_ +——(E=-V)i¥y=10 | J
dx” "

x=0 =L

For free electron inside the box V = U, so the above

: Fig. 2.1 : Free electron in non-dimen:
equation becomes

sional box bounded by infinite

ﬂ':‘P" 2mE potentialbarrier
— bV =0
dx” h-

where E is the kinetic energy of the electron

d:w "
—+ky
dx=

or

Hn

0

2mE
nl
eral solution of eq. (2.8) may be written as
¥ (x) = Be¥+ Celir,
the constants to be determined by the boundary conditions.

K=
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function ¥=0atx=0andatx=L

ve
ﬂ"’w;o,w'—'ﬂ»s“‘l- (2.10) becomes
i A B+C=0
Y = Be"-Be¥=pldt_ ran
- i [
2i ¢
- y = 2iBsinkx, :
= ASI.." h,p £ (2.13}
A=2B
“M:J Atx= L, y= 0, SI'J, E(I- {2-13} becomes
0= AsinkL
s sinkL = 0 A
. kL = mx,(n=0,1,2,..)
111
or k= L
nn?
of £= = -(214)
For nth state eq. (2.13) becomes
v, = Asin == ~ (215)
Using eq. (2.9), we get
mE_ in
ﬁl P Lz
_ mn W (m
= E= omC —2m|L
SinmEdcpuﬁsmn,so[etusdmutememgynftheg]ecﬂmbyE,Sb,ﬂn above equation
A [ nx
can be written as E = Em_[-f]z - (2.16)

Corresponding .
ﬁ“dﬁ\llﬂulﬂw&uﬂgy is obtained when n = 1 from eq. (2.16), we have

Thus we see from eq. (2.15) and (2.16) matwaveﬁntﬁmexiﬁ:aﬂyfnrhhgnlvﬂuﬂdnud
i ﬂﬂgyﬁvﬂsmdmwﬁaeﬂ.ﬂwnmhuuham&nmm.We

W
B = o :
Le, E" = HZEI s ; .-(2-17)
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Let us find the spacing between the energy levels *
Byt =In# l}:E_-rrE,tz{?_n.,_nEI

Energy level diagram is shown in Fig. (22) ‘U

It is also obvious that the spacing between levels depends upon the length (L) of the by o
as on the value of ‘n’, the quantum number. The spacing between energy levels is impog «tﬂ“i ,
when L is of the urder of atomic dimensions. Uy

y W &

&: tGE1 /
EI E,=0E, ,r/ n=3

Vs
V4
E.=4E, Z n=2
E, /ff/; n=1
0 1 i‘ 3 4
E——
L > 4

Fig. 2.2 : Energy level diagram of a particie in one dimensional box

The constant A in eq. (2.15) can be calculated by applying normalising condition ie., § 3
probability of finding the electron in whole space is unity

[ -
Jw,'w,nh = ]
t a
Al Js.in' (mex/L)dx = 1
I 2nmx
Fl—co&. "LJI= 1
0 L
‘ . e e T e ——
“»
fd.t -[I X et icen dx’ = 1
(] J
A.:
—([L-0], = 1
; o
A? = i_ Fig. 2.3 : First four wave |
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function ¥ =0atx=0and atx =L

wave
atx=0.¥*= 0, So eq. (2.10) becomes
i) ¢
BeC =
| +E " ”B - (2.17)
of i . (2.12)
g 4 (210) becomes
' W = Be™™ -B ez B[l - ]
e _ -k
= 2iB [;]
2i
of w = 2iBsinky, “
= Asin kx, [/ . (2.13)
here A= 2B
' i) Atx =L,y =0,50, &q (2.13) becomes
0 = AsinkL
of kL = nx,(n=0,1,2,...
nn
ot e
2_2
n‘n
of k= = (2.14)
For nth state eq. (2.13) becomes
w, = Asin"—L“-‘-‘- . (2.15)
Using eq. (2.9), we get |
2mE n'm
¥
o : "z‘zu"'"'_ A (nx
Wy, ve ey (T
2ml*  2m( L

Since E depends on n, so let us denote the energy of the electron by E . So, the above equation

. " (nx
anbe written as B. = E[T)l - (216)

Thus we see from eq. (2.15) and (2.16) that wave function exists only for integral values of n and
i levels are also quantised. The number n is called the quantum number. We

energy
fod that the lowest energy is obtained when n = 1 from eq. (2.16), we have
h'nt
| 51 = om
e B, =m®E - (217)
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Let us find the Spacing between the energy levels o
E.,-E , =(m+1fE -wE =@Qn+1)E,
Energy level diagram is shown in Fig. (22)
It is also obvious that the spacing between levels depends upon the length (L) of the box
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as
as on the value of 'n’, the quantum number. The spacing between energy levels is importans ;&
when L is of the order of atomic dimensions. .
|
. N
E,=16E, et
EIE;QE. =3
E,=4E, n=2
E, o s
|
0O 1 ;‘ 1 1
——— i T |

\ ) P

Fig. 2.2 : Energy level diagram of a paricle in one dimensional box

The constant A in eq. (2.13) can be calculated by applying normalising condition i, the
probability of finding the electron in whole space is unity

L

J.UI",.’_,J.I = l ‘ - - = 4 j
> (mmx/L)dx = 1
g - \
«TTRX J‘_I -1
A
2 ’
I 'l."”D‘lﬁ] = 1
4
A:
—_’—[L—ﬂ] = 1]
- x=0 .
kL _‘.I
At = = Fig. 2.3 : First four wave functions and
L levels for & in one dimensional box.
5
A= |-
L
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fREE
15) becomes i

)
Hence, € (2

2
Wu = J: '
3 sin (nmx /L) - (2.18)

First four ic, forn=1,2,3, 4, wave functions are represented in Fig. (2.3).

ch]i energy

s now see how N electrons could be distributed on this one dimensional line

ons are indistinguishable particles and obey Pauli’s exclusion principle whic.h states th
o tWO electrons can have all the four quantum numbers identical. That is, each ifué“ﬂ“m&'\siae’fé‘c‘;:
s sccupied at the most by one elect_r_c)E. (These quantum states are referred to as orbitals in case of
) but there may be more than one quantum states i.e. having the same energy, such states are
erate quantum states (orbitals). In a linear solid, there are two quantum numbers of

(i)
Lett
Electr

atoms
| (nown as degen

oy 1
', conduction clectron orbital i.e. n (=1, 2, 3, ...... etc.) and spin s (= + > )- This means that for each

value of 71, § can have two values depending upon the orientation of electrons. Hence, every orbital -
 or quantum state 11 can accommodate two electrons one with spin up (T) and other with spin down
({). In other words each energy level is doubly degenerate. If there are nine electrons of course
<ome having spin up and others having spin down. Then in the ground state of the system these
| could be accommodated in five levels withn =1, 2, 3,4, 5. First four levels accommodating one pair
of electrons (with spin up and down) each and the fifth level accommodating the unpaired last
electron. That is, the states with n > 5 are empty.

Let n, denotes the uppermost filled energy level, and if there are N electrons (assumed even),
we can write s .
. ng = N/2 _— Y‘\"; - Q-““/ .. (2.19)
Since each level can accommodate a pair of plettrons. Here n; is the quantum number
representing the uppermost filled energy leve]. The uppermost filled energy level at absolute zero
is known as Fermi level and the energy value corresponding to this level is known as Femi energy, Eg.

Hence eq. (2.16) gives for n =ng

E L 2.20
Y 2ml L - =G
Hence, egs. (2.19) and (2.20) gives
n? (NnY
s e I 7
- (ot ) b a2

It is clear from above that energy of the top electrons depends upon number of electrons (N)
and size of the box (L). Thus, for N/L =1 electrons/angstrom = 10'° electrons/m, we have from

eq. (2.21) e
E. = 96eV W AT

_ Thus to accommodate 10° electrons/m, the energy of uppermost electron must be
(ll) Totai energy - ) PR AT
The total energy E,, of the entire system can be calculated by summing up the individual energies
Elf _Ez, E; ... etc. between ené’rgyil‘g\ge.ls corresponding to n =1 to 1 = N/2. Therefore,
N S

E = ZEE"

9.6¢V.

= = e i e

o
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Here the factor 2 comes into picture since each level sccommodates two electrons wigy .s

energies. Here by using eq. (2.16), we get.

h?ﬂl M/2

—rE ﬂ: _%

2mL® ooy

&

As we know
in: t—l.‘.t (224 3x+ 1)

1]

1.3 forx 21

.- —X

Hence eq. (2.22) becomes

E, lf_[ﬂﬁr
32m| 2L
1
E, = 3 NE e M
Thus, we find that for one dimensional problem, the average (kinetic) energy in the ground state is on

third of that of the fermi energy.

(iii) The density of states [D (E)] :
The density of states is defined as, the number of electronic or quantum states per unit e

range and is usually denoted by D (E). Therefore,
dn

‘D(E) = T -

wherednism:numherofqumtumstalﬁpresentinﬂlemergyrar\gebemmﬁhﬁ-l-ﬂ e
each quantum state contains two electrons, actual density of states is twice the value given

eq. (2.24), ie.

Making use of eq. (2.21), we get

n X
D(E)= zd'Ei .
Now according to eq. (2.16),
“ i'ﬂﬁ)’

- 2ml L

dE W (nx)x |
g 2w UL N

n

Mr'n

mlL?
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e

l{” l”L.‘
G dE flz_'rz”
B " dn 2 1
D( ) = 2 dE a f;ln;’ ‘ " (226)
\gain from €4 (2.16), we gvt
‘ 2_2 1/2
1 h°m
n | 2ml2E
1; hn:[ 1 ]H:
n B L Z,ﬂE : (2.27)

27) in eq. (2.26), we get

ymL” hr[ 1 e 4
D(E) = —']: ] 1

n‘n> L [2mE D (E)

A
ng eq. (-

Energy

L /
— [2m/E]'/? ....(2.28) =
hr Ee
R o
Fig. 2.4 : Density of states as a function of
energy for one dimensional line.

D(E)

I

Besult is shown plotted in Fig. 2.4.

s that all the states upto Fermi level Epare

FREE ELECTRON GAS IN THREE DIMENSIONS

L6t us now consider the free electron gas in three dimensional crystal assumed to be in the
s of a cubical box of edge L. It is also assumed that potential inside the box is zero and outside
itely large.

Schrodinger wave equation for a free particle in three dimensions is given as

- L]

2YmE o i I o
V2 oy + ;:; W a="0 L aa(229)
(a: AN W 230
o2 o o didhs _ ( )
, . 2mE
Where k* = ;:; - (2.31)

Where E is the total energy of the electron.
The general solution of eq. (2.30) is of the type

Co Y (A EYAY S CHeRe ~
Yy = Asin R T N T

¥ = Asinkx. sinky.sinkz - (2.32)
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nx n X n.x B
. - '_L'-r - et K = T - ol
where k, = L ky g 8 L "Qﬁ

When n_ »_and n_are positive integers and the solution represents a standing wave.
The v alue of Ais duwnmncd by normalising the wavefunction over the volume.
re., yewdV =
v
. &0
or Al _[ j _[ sin® kx. sin’ kv <in® k: dr dwiz = 1

or _.'.'1,[: ]._ _L. ,!‘_ = 1]
2 2 2
8
or A= “L‘I -.m

S0 eq. (2.32) becomes

sin k_x. sin k v. sin k.2 -
v= | sink @5
Eq. (2.31) can be written as
=B+ +k e
=Ry Thy e = ﬁ:
-:'! 2l
Hence, E = o (kf +k, +k2)
E hzﬂz - - =
or = —=(n_+n +n
sz_ ( b § nU - ]
or E = h-HIT
= 2mL*
where m = nl +n§‘ +n?

Periodic boundary conditions.

We have considered a cubical box of edge L but in case of a crystal there are infinitely mi
such boxes stacked together, which means that the wave function mustsahsfvthe periodic boun
conditions L.e., they are periodic with a period L. Hence. |

yo+Lvz=yiry+Lz)=y(xyz+U=y(xyz) N |

Wave function satisfying the free particle uation (2.29 5l
m'hm(lﬁ}ueof&mfmmdahavﬂhngpmrm (2.29) and the pet

v = Aexp(ik.r)
" v() = Aexp itk x+ky+ka) - @
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periodic boundary conditions (2.38) to eq. (2.39), we get
exp [i(k x + kyy +kz)] = exp [ilkx+ kL + k,v+kz)|
exp (kL) = 1
eans that k, can have only the values given below

I-'tPPI:VInF ‘hl:'

t‘l'l(]n' m 2

' b 2 . 4n 2pn
k. = 0, [ i - T e

ad k_have similar values as k . That is any component of k is of the form 2pn/L, where pis

k and &, r :
d 1, or. The components of k re. k. k and k_. along with spin s are the quantum numbers of the

integ
0&\]{“‘ .

The value of normalising constant A is given as

| J j A* exp [;(j{_; )lexp [—:‘(f.;)]dmyd” | g iis

AI L x L x L = 1
or Al12 =1
S
QO B
A% = 0=V
. 1)”
A=y
Hence, normalised wave function is given as
vir) = VVexp [i(kr)] . (2.40)

FERMI DIRAC STATISTICS AND ELECTRONIC DISTRIBUTION IN SOLIDS

Astdiscussed in the case of one dimensional distribution of N electrons that according to Pauli’s
lusion principle no two electrons can have all the quantum numbers identical. The quantum
bers in three dimensional cases are k_, K, k, and 5. Since s _cafi have twovalués ie, + 1/2 and
2, hence each energy level with givenk {v and k, can accommodate two electrons one with spin
and other with spin down. Hence; N electrons require N/2 energy levels, where N is assumed to
even. It is also assumed that the system is in-its ground state 1.e. at absolute zéro. The (N/2)th
el which is also referred to as n; and is known as Fermi level. It divides the filled"and empty
els. The energy corresponding to Fermi level n is called Fermi energy F;. According to classical
ry all the electrons in a metal can have the same energy; so that, at 0 K, they all condense into
lowest available energy. But when quantum statistics is applied we find that these electrons
upy states between the energy values 0 and Eg, .

Fermi has shown that the probability of occupancy of a particular quantum state is given as

1
f8s exp[(E-Eg)/kT]+1
¢ f (E) is known as Fermi factor or Fermi function. E is the energy of the givlen state and E; is the
i energy at temperature T. The function (2.41) is plotted in Fig. (2.5) for various values of T.
Let us consider the behaviour of Fermi factor at different temperatures.
(a) AtT = 0 K, the exponential term when E < Eg, approaches zero as ¢~ =0 and we get
=]

. (2.41)

E>Egy we get f (E) =0
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The meaning of f (E) = 1 for E < B is /~ B

that all the quantum states are occupied and '
all the states having E > E,,, are empty at 0 K. 4
1t is observed that E, is of the order of
several electron volts. T3 T, Ty
(M) WhenkT< < Ep itis found thatk T is .. ]\J\
small as compared with E; for all metals \ -
below their melting points (KT at room | ¢,
temperature is only 0.03 eV), we also find that
los

Tz )T|

Q

T

SHT 1
atE =E f(E) = 7 . Hence the meaning of E;

is that, at the Fermi level the probability of
occupation is fifty percent. The plot for T, and
T, (> 0) temperatures is also shown in
Fig. (2.5) . The value of f (E) is still practically — Energy
unity.

b oo o o o - -

Er Ero

For energies above E.. the Fermi
distribution becomes identical with that of
Boltzmann distribution. The meaning of this \_
is that all the states below E_ are not filled
and hence all the states above E_ are not
empty for a temperature T, or T, (> 0).

Fig. 2.5 : Plot of fermi factor vs energy of states

Hence, we find that at E = E the value of f (E) = 5 which implies that E is a level which]
half way between the filled and empty levels. E. is a function of temperature and the relation .

E; and E, is given as
B (kTY
E; = Eg 12| E,, - (29

(c) At very high temperatures when k T — E_. the relation (2.42) does not remain valid and t#

entire distribution becomes Maxwell-Boltzmann. This is shown for temp. T, in the Fig. (2.5).
/

FERMI ENERGY E,,

e Fermi energy E is the energy which corresponds to the Fermi level, below which all the
quantum states (levels) are filled and above will be empty at 0 K. This level is denoted by ﬂkap*
wave vector). Now each level is determined by the quantum numbers k.k, and k_ and each level®
occupied by two electrons, one having spin up and the other having spin dowrt fnggrouih\d stated
a system of N free electrons the occupied levels may be represented as points inside a sphere it

space or n space. The energy at the surface of the sphere is the Fermi energy which is given as
eq. (2.37). :

ginin
h™nng
2ml?

We now find the number of points in n space represented by n.. Now each point occupie

Ep =

average a unit volume in the integer space and volume of the positive octant is % (%m;’.:

\
N
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1 (4 |
ints in the octant is also = | —=nn,
l“.r Hl I“‘“n . H ] t}'

Lqum hen we consider spin of electrons, the

Mt
"

becomes twice this number.
t
11!"' J 11‘

p , density (i.e. number per unit volume) then j
(NS the ¢ i the box there are total I3 electrons.

i\('l“‘lh‘

et | .
' NERPY A
= _B‘" 31[!!1-,)
1 A
3
= =—NNHe
358 . (244)
N 3N V3
(%
, 12 (3N ¢/3
g (2.43) becomes Eo=1h i;[_:i]
= £(3KZN 2/3
~ 2m ) . (2.45)

yence, we find that the Fermi energy is function of the density of electrons. We also conclude
it even at absolute zero, electrons have some finite energy.

DENSITY OF AVAILABLE ELECTRONIC STATES D (E)|

Now we are interested to find an expression for the number of allowed (available) states per
at volume in an energy range between E and E + dE.

The density of state D (E) is obtained from the fact that all the energy states below fermi energy
»occupied and the total number of states must be equal to the total number of electrons. ]

E
[o®adE = N . (2.46)
0

1 [2mE; P72
N = 3.“2 i hz | . - {2'4?}
E, - 13/2
H\El'ef{)rg, J‘DE dF = '5_:?_ Zr:‘fl‘

ﬂ I y
Expressing the integral as infinite integral, we get

3/2
D{E) - di':}f [%{] Elﬂ oF (2-43}

Altord; . ", ] :
M:a "ding to this expression the variation of D(E) with E is parabolic and is shown in Fig. (26
T'way of expressing result (2.48) is as given ahead.

i

From eq. (2.45), we get : e
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From eq. (2.47), i t
3 E
N = 5 Iny+const D (E) f—é‘
1dN 31 T —
NdE;, = 2 E; £
=
e
iN 3N ; £
Hence IME,) = —= - =% -(2.49) £ —
dE;  2E; — Ee
Thus, we find that the number of states per unit

CNErgy range per unit volume at the Fermi energy isjust  Fig. 26. The var;allﬁg 2 d;?os:'trh?feamt;?
the total number of conduction electrons divided by the function D(E) wi :aségy' ‘
Fermi energy.

Density of filled electronic states,

The density of filled electron states N

(E) at a particular temperature and between the energy
and E+dEis given as,

N(E) dE = D(E) f(E)d E .. (2.50)

where f(E) is the Fermi factor.

The difference between N(E) and D(E) is that: [XE)
energy and N(E) measures the number of

Average kinetic energy E,

measures the number of states at a given
particles actually having a given energy.

Average kinetic energy E, is calculated as

... (2.51)

13&'2 En
- a2 Tena
2 TN\ o2
- ()
Substituting for E, from eq. (2.45), we get
=, 3
Eu = _g Em
Example 2.1. Metallic silver has 1 free electron per atom. Find the fermi energy if density of silvey i
10.5 g e and atomic weight is 1.08 gm atom. (H.P.U. 2000)
Solution.
B3NP3
Since s EE[;\T
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pow that density, d =

e k

V = E:————l_ﬂl_s_.__l..l.,‘:i ‘
of d 105x10°

_ (6625x107™)2 [ 356,023%10% x10,5x108 T2 |
Hence F=  8x91x10" 3.142x108 ]
8.8 x 10719 ]

8.8x10"
1.6x10"°°
=55eV

pample 2.2. Find the energies of the six lowest energy levels of a particle in a cubical box. Which of the
eyl 7T :it"'.:l'fh'n’.”t' ? |

\ g':Il“"{:.ﬂu We kT‘lUW ﬂ'\ﬂt Eﬂerg}r fﬂl’ a cuhic.ﬂ] ~

™
|

1]

v [ 1eV=16x101

~of edge L is given as 4 =
. n:ﬂ: 3 Ei"
Eoa = =(n; +n§ +n? ) (123) (312) (231) (132) (213) (312)
' 2mL” AR & ]
Es
Now first six states are given by quantum (222)
mbers (1, 1, n.) (LL1), (1,1,2), (1,2,2) ) BT — 5
11,3.(22.2), (1,2,3) energies corresponding to
se quantum numbers can be calculated from S (122) (212) (221)
above expression and we find E;
E.=3E E;;;=6E, E;y =9K (211) (121) (112)
- i B = - =3 E. +
E,y = 11E, E,;, = 12E, E 5, = 14E 1 (1)
2 .’!'1 >
‘here E=#" .
) 2mL* > =

Hence, we find that E,, E; are non-degenerate, E,, E, and E, are three fold degenerate and E, is
x fold degenerate.

Example 2.3. The fermi energy of silver is 5.51. eV. (a) What s the average energy of the free electrons
sifterat 0K 7 (b) What temperature is necessary for the average molecular energy in an ideal gas to have
& 2alue ? (c) What is the speed of electrons with this energy ? Given K = 1.38 x 1005 | KL,

(H.P.U. 2008)
Solution. (1) As we know, average electron energy
= 3 3
B, = cER= ;X551
Eo = 3.306eV
(b) For an ideal gas, average molecular energy at temperature T, is given as
= 3
Eo = § /T ,
- 19 5= .
£ —2_ E'L 4 333.“8\’!1.63:.0 lfev Gy |
= 3|EI= 3T Lm0 y/K
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(¢) Let v be velocity of electron, then kinetic energy

L .3 i
E"h = EI'F
- _19 /2
; 2E, 2x3.306x1.6x10
% i R 9.1x10™"
= 1.3 x 10° m/sec
Example 2.4. Calculations of Fermi energy for some monovalent elements vield the following resulls.
Metal Cu Lt Rb Cs Ag K
E;(eV) 7.04 72 1.82 1.53 5.51 2.12

If the fermi velocity of an electron in one of the metals of the above series is 0.73 x 106 m/s, identify the
metal and also calculate the fermi temperature.

Solution. We have

m V-

ra | =

x 9.1 x 107 x (0.73 x 108 2

= 242 x107Y]

P | =i

2.42x107"7

= WEV =151eV = 153V

1.e., the metal is caesium.
Fermi temperature is defined as that temperature at which
kT, = E;
1. < B _ _242x10]
F k  1.38x10°)/K
Example 2.5. The Fermi energy in silver is 5.51 eV. Find (i) the average energy of the free electrons in

silver at OK. (1i) At what temperature a classical free particle like an ideal gas molecule will have this kinetic
energy ? Given k= 1.38 x 1075 JK-1,

= 1.75x10°K

Solution.
(1) Given Eyp = 551eV
3 " 3
Since Eo = 3 Eg
& 3
Eo = §x5.51=3306ev

3
(i) The kinetic energy of calssical particle at kelvin temperature T = -i'-l’l'

l-.t'», Em = kT

2
or ] T ™ Ep
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T — _25(3.3'%!1-&’1“_';‘
W (' 1eV = 16 x In_w”
T= 255,10k

P— o —— \
JLTIPLE EHoicE aussTiof———
1, Widemann-Frenz law gives the relationship betypeer -

) thermal conductivity and electrical Polmsahi].it}’

(1) thermal conductivity and electrical susceptibility

() clectrical conductivity and electrical Pﬂlﬂrisahility

(4) thermal conductivity and electrical Cﬂnducﬁvity,
s At 0K, all the states above fermi level E are :
() empty
() partially filled.
The average kinetic

1

; 1
(1) —‘\ of fermi Energy (b) I of that fermi energy

(b) completely filled

cnergy of electron in the &round states in one dimension is -

s . .
| 7 of the fermi energy (d) equal to that of fermi energy. (H.P.U. 2007)

3. In Drude-Lorent="s theory for the free electron gas, the statistics used was :
(1) Maxwell- Boltzmann statistics (b) Fermi-Dirac statistics
() Bose-Einstein statistics (d) None of the above. (H.P.LL 2009)

5. At UK fermu level lies :
1) Above top of the valence band E_
(1) Below the bottom of conduction band E
1) Midway between the top of the valence band and bottom of conduction band.
b. The average kinetic energy of electron in the ground state, in three dimensions, is :
(H.P.U. 2001 S, 2006)

2
of fermi energy (b) 5 of fermi energy

(c)

JY | ot 1 |

of fermi energy (d) equal to that of fermi energy.

- Free electron Fermi gas consists of :
(1) bound and non-interacting electrons
(5) free and non-interacting electrons
) bound and interacting electrons
'd) free and interacting electrons.
8 In Sommerfield model of electron ;
@) the potential is taken constant inside the metal
b) the potential is taken variable inside the metal
(€) the potential is taken infinite inside the metal
d) potential has no role inside the metal




